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Question 1 [10 marks]
For questions 1.1 – 1.10, choose one correct answer, and make a cross (X) in the correct block.
Question a b c d e
1.1 X
1.2 X
1.3 X
1.4 X
1.5 X
1.6 X
1.7 X
1.8 X
1.9 X
1.10 X
1.1 Identify the definite integral that represents the area of the surface formed by revolving
y =
1
x
on the interval [1, 3] about the x-axis. (1)
(a) 2pi
∫ 3
1
1
y
√
1 +
1
y4
dy
(b)
∫ 3
1
√
1 +
1
x2
dx
(c)
∫ 1
3
1
√
1 +
1
y2
dy
(d) 2pi
∫ 3
1
1
x
√
1 +
1
x4
dx
(e) None of the above
1.2 Which method should be used to solve the differential equation
dy
dx
=
y
2x
? (1)
(a) Linear equations
(b) Direct integration
(c) Separation of variables
(d) Bernoulli equations
(e) None of the above
1.3 The polar coordinate
(
2
√
2, 3pi
4
)
converted to Cartesian coordinates is: (1)
(a) (−2,−2)
(b) (−2, 1
2
)
(c) (2,−2)
(d) (−2, 2)
(e) None of the above
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1.4 Consider the integral
∫ 3
2
1
x(x− 2) dx. Which limit should be used to check whether the
integral is divergent or convergent? (1)
(a) lim
t→2+
∫ t
2
1
x(x− 2) dx
(b) lim
t→2+
∫ 3
t
1
x(x− 2) dx
(c) lim
t→0+
∫ 3
t
1
x(x− 2) dx
(d) lim
t→2−
∫ 3
t
1
x(x− 2) dx
(e) None of the above
1.5 The critical numbers of g(x) =
x
2
+ cosx on [0, pi] are: (1)
(a)
pi
3
,
2pi
3
(b)
pi
6
,
5pi
6
(c)
pi
4
,
3pi
4
(d)
pi
3
,
5pi
6
(e) None of the above
1.6 The average value of y = cosx on the interval [−3, 5] is: (1)
(a)
sin 5− sin 3
2
(b)
sin 3− sin 5
2
(c)
sin 5 + sin 3
8
(d)
sin 3− sin 5
8
(e) None of the above
1.7 Find the equation of the directrix of the parabola 5y = x2. (1)
(a) y = −5
4
(b) x =
5
2
(c) y = −5
(d) x = 0
(e) None of the above
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1.8 Let f(x) be a function that is continuous on [0, 2] and differentiable on (0, 2). Then Rolle’s
Theorem guarantees that... (1)
(a) there exists c ∈ (0, 2) such that f ′(c) = f ′(0) = f ′(2).
(b) if f(0) = f(2) then there exists c ∈ [0, 2] such that f ′(c) = 0.
(c) there exists c ∈ (0, 2) such that f(0) < f ′(c) < f(2).
(d) if f(0) = f(2) then there exists c ∈ (0, 2) such that f ′(c) = 0.
(e) None of the above
1.9 Find the slant asymptote of the curve y =
2x3 − 4x2 − 9
x2 + 3
. (1)
(a) y = 2x+ 4
(b) y = −6x+ 3
(c) y = 2x− 4
(d) y = 6x− 3
(e) None of the above
1.10
n∑
k=0
(
n
k
)
9k = . . . (1)
(a) 10n
(b) 9n
(c) 9k
(d) 10k
(e) None of the above
Question 2 [3 marks]
Sketch a function that satisfies the following properties:
• f ′(x) > 0 on (−∞,−1) ∪ (2,∞), f ′(x) < 0 on (−1, 2)
• f ′′(x) > 0 on (−∞,−2) ∪ (4,∞), f ′′(x) < 0 on (−2, 2) ∪ (2, 4)
• limx→2− f(x) = −∞ and limx→2+ f(x) = −∞
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Question 3 [4 marks]
Prove the Mean Value Theorem. That is, prove the statement: “If a function f(x) is continuous
on [a, b] and differentiable on (a, b) then there exists c ∈ (a, b) such that f ′(c) = f(b)− f(a)
b− a ”.
THEORY
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Question 4 [2 marks]
We want to find the coordinates of the point on the curve y = sinx that is closest to the point
(4, 2). Set up an equation for the distance from the curve to the point and differentiate your
equation. You do not have to solve for the coordinates of the point.
z =
√
(x− 4)2 + (sinx− 2)2
=
√
x2 − 8x+ 16 + sin2 x− 4 sinx+ 4
∴ dz
dx
=
(2x− 8 + 2 sinx cosx− 4 cosx)
2
√
x2 − 8x+ 16 + sin2 x− 4 sinx+ 4
=
x− 4 + sin x cosx− 2 cosx√
x2 − 8x+ 16 + sin2 x− 4 sinx+ 4
OR
z2 = (x− 4)2 + (sinx− 2)2
∴ 2z dz
dx
= 2(x− 4) + 2(sin x− 2)(cosx)
∴ dz
dx
=
(x− 4) + (sin x− 2)(cosx)
z
=
(x− 4) + (sin x− 2)(cosx)√
(x− 4)2 + (sinx− 2)2
Question 5 [4 marks]
(a) Use the Binomial Theorem to expand (1−√x)4. (2)
Solution:
(1−√x)4 = 1 + 4(−√x) + 6(−√x)2 + 4(−√x)3 + (−√x)4
= 1− 4√x+ 6x− 4x3/2 + x2
(b) Hence find the coefficient of x in (
√
x+ 1)(1−√x)4. (2)
Solution:
(
√
x+ 1)(1−√x)4 = (√x+ 1)(1− 4√x+ 6x− 4x3/2 + x2)
∴ −4x+ 6x = 2x
Coefficient of x is 2
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Question 6 [7 marks]
Evaluate the following integrals:
(a)
∫
(lnx)2 dx (3)
Solution: Let u = (lnx)2 and dv = dx. Then du = 2(lnx) 1
x
and v = x.
I =
∫
(lnx)2dx = x(lnx)2 − 2
∫
(x lnx)
1
x
dx
= x(lnx)2 − 2
∫
lnxdx
Next, let U = lnx and dV = x. Then dU = 1
x
dx and V = x. We get:∫
lnxdx = x lnx−
∫
x(
1
x
)dx
= x lnx−
∫
dx
= x lnx− x+ C1
∴ I = x(lnx)2 − 2(x lnx− x+ C1) = x(lnx)2 − 2x lnx+ 2x+ C where C = −2C1
(b)
∫
x2√
4 + x2
dx (Hint:
∫
sec3 u du = 1
2
(secu tanu+ ln | secu+ tanu|) + C) (4)
Solution:
Let x = 2 tan θ for −pi/2 < θ < pi/2. Then dx = 2 sec2 θdθ and x2 = 4 tan2 θ and so:
∫
x2√
4 + x2
dx =
∫
(4 tan2 θ)(2 sec2 θ)√
4 + 4 tan2 θ
dθ
=
∫
(4 tan2 θ)(2 sec2 θ)√
4(1 + tan2 θ)
dθ
=
∫
(4 tan2 θ)(2 sec2 θ)√
4 sec2 θ
dθ
=
∫
(4 tan2 θ)(2 sec2 θ)
2 sec θ
dθ
= 4
∫
tan2 θ sec θ dθ
= 4
∫
(sec2 θ − 1) sec θ dθ
= 4
∫
(sec3 θ − sec θ) dθ
= 4
(
1
2
(sec θ tan θ + ln | sec θ + tan θ|)− ln | sec θ + tan θ|
)
+ C
= 2 sec θ tan θ + 2 ln | sec θ + tan θ| − 4 ln | sec θ + tan θ|+ C
= 2 sec θ tan θ − 2 ln | sec θ + tan θ|+ C
=
x
√
x2 + 4
2
− 2 ln
∣∣∣∣∣
√
x2 + 4
2
+
x
2
∣∣∣∣∣+ C
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Question 7 [7 marks]
(a) Use partial fractions to prove that:
∫
dx
a2 − x2 =
1
2a
ln
∣∣∣∣a+ xa− x
∣∣∣∣+ C (4)
Solution:
1
a2 − x2 =
1
(a+ x)(a− x) =
A
a+ x
+
B
a− x
Then
A(a− x) +B(a+ x) = 1
so
(B − A)x = 0 and (A+B)a = 1
Hence
B = A =
1
2a
Hence: ∫
dx
a2 − x2 =
∫
dx
(a+ x)(a− x)
=
1
2a
∫
dx
a+ x
+
1
2a
∫
dx
a− x
=
1
2a
∫
dx
x+ a
− 1
2a
∫
dx
x− a
=
1
2a
(ln |x+ a| − ln |x− a|) + C
=
1
2a
ln
|x+ a|
|x− a| + C
=
1
2a
ln
|a+ x|
|a− x| + C =
1
2a
ln
∣∣∣∣a+ xa− x
∣∣∣∣+ C
(b) For the improper integral
∫ ∞
3
1
x3
dx, determine if it converges or diverges. If it converges,
calculate the value. (3)
Solution: ∫ ∞
3
1
x3
dx = lim
t→∞
∫ t
3
1
x3
dx
= lim
t→∞
∫ t
3
x−3dx
= lim
t→∞
−1
2
x−2|t3
= lim
t→∞
−1
2
(t−2 − 3−2)
= lim
t→∞
−1
2
(
1
t2
− 1
9
)
=
1
18
The integral converges.
M
EM
O
MAT1B01 EXAM – 28 NOVEMBER 2016 8/12
Question 8 [6 marks]
Let R be the region bounded by the graphs y =
√
x− 1 and y = (x− 1)2.
(a) Set up a integral for the area of the region R in terms of y . (3)
Area =
∫ 1
0
(
(
√
y + 1)− (y2 + 1)) dy
Area =
∫ 1
0
(−y2 +√y) dy
(b) Set up an integral for the volume of the solid generated by rotating R about the line x = −1
using the method of cylindrical shells. (3)
Shell radius = 1 + x
Shell height =
√
x− 1− (x2 − 2x+ 1) = √x− 1− x2 + 2x− 1
Volume = 2pi
∫ 2
1
(
(1 + x)(
√
x− 1− x2 + 2x− 1)) dx
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Question 9 [4 marks]
Find the arc length of f(x) =
1
12
x3 + x−1 on [1, 2].
Solution:
f ′(x) =
1
4
x2 − 1
x2
1 + [f ′(x)]2 = 1 +
1
16
x4 − 1
2
+
1
x4
=
(
1
4
x2 +
1
x2
)2
L =
∫ 2
1
√(
1
4
x2 +
1
x2
)2
dx
=
[
1
12
x3 − x−1
]2
1
=
13
12
Question 10 [4 marks]
Find the solution for the differential equation ex
2
yy′ + x = 0 if y(0) = 2.
Solution:
ydy = −xe−x2dx∫
ydy =
∫ −xe−x2dx
1
2
y2 =
1
2
e−x
2
+ C
y2 = e−x
2
+ 2C
4 = 1 + 2C ∴ C = 3
2
y2 = e−x
2
+ 3
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Question 11 [5 marks]
(a) Sketch the curve defined by the parametric equations and indicate the direction with an
arrow: (2)
x = ln t ; y =
√
t, 1 6 t 6 e2
t x y
1 0 1
2 ln 2
√
2
e2 2 e
x = ln y2 ⇒ y = ex2
(b) Find an equation of the tangent line to the curve x = e
√
t and y = t− ln(t2) at t = 1. (3)
dy
dx
=
dy
dt
dx
dt
=
(
1− ( 1
t2
)(2t)
e
√
t( 1
2
√
t
)
)
t=1
=
1− 1(2)
e(1
2
)
= −2
e
x = e(1) = e
y = 1− ln(1) = 1
y = −
(
2
e
)
x+ c
1 = −
(
2
e
)
(e) + c
c = 2 + 1 = 3
∴ y = −
(
2
e
)
x+ 3
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Question 12 [7 marks]
Consider the polar equation r = 2 + cos 2θ.
(a) Sketch the graph of the given cardioid. (2)
(b) Describe the symmetry of the given cardioid about the polar axis. (1)
r = 2 + cos 2(−θ) = 2 + cos 2θ
Symmetric about the polar axis.
(c) Set up the integral, but do not evaluate, of the area that lies outside the given cardioid
and inside r = 2. (4)
2 + cos 2θ = 2
cos 2θ = 0
2θ = pi
2
; 2θ = 7pi
2
θ = pi
4
; θ = 7pi
4
A = 1
2
∫ 3pi
4
pi
4
(
22 − (2 + cos 2θ)2) dθ + 1
2
∫ 7pi
4
5pi
4
(
22 − (2 + cos 2θ)2) dθ
A =
∫ 3pi
4
pi
4
(−4 cos 2θ − cos2 2θ) dθ
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Question 13 [7 marks]
(a) What conic is given by 2x(6− x) = y(8 + y)? Give a full description. (4)
Solution:
2(x2 − 6x) + y2 + 8y = 0
2(x− 3)2 + (y + 4)2 = 34
(x− 3)2
17
+
(y + 4)2
34
= 1
This is an ellipse, centre (3,−4)
a =
√
34, b =
√
17, c =
√
17
Vertices: (3,−4±√34) Foci: (3,−4±√17)
(b) Sketch the conic
(x− 3)2
25
− (y + 1)
2
49
= 1 clearly labelling the vertices and asymptotes. (3)
Solution: a = 5, b = 7, c =
√
74. Therefore, shift: (x, y)→ (x+ 3, y − 1).
Asymptotes: y = ± b
a
x→ y + 1 = ±7
5
(x− 3)
Vertices: (±5, 0) + (3,−1) = (8,−1) and (−2,−1)
Foci: (±√74, 0) + (3,−1) = (3±√74,−1)
